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Please fill in your final answers to all problems on the summary sheet.
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There are 3 problems. Please answer each problem using a new sheet.
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Please answer on each sheet using a single column. Do not use two columns on a single sheet.
TS HE—EANWTE™ - A 8] DHE— TR B DI E S T -

Please answer on only one side of each sheet. Do not use both sides of the sheet.
KRR FE - A DOHEES -

At the end of the competition, please arrange the summary sheet as the first page, followed by
the answers to each problem in sequential order of the problems. If your answer to a problem
requires more than one sheet, please arrange the sheets of the same problem in sequential order
of the parts.
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1. Gravitational Lens Simulator (9 marks) 5| 185 E% (9 9)

The gravitational field of a massive body exercises a lenslike condensing action upon radiation
passing through it. A simulated gravitational lens was constructed of Plexiglas for use in
demonstrating the lens phenomenon.
RIFAEVHAMT TS [ T3 2L e L= A BB AIE R, #RO5 [J1EFRN - X H
BA B R IANBFE SIS — OB M S [ 1A RIS -
According to general relativity, a light ray passing at a distance of closest approach r to the
center of a spherically symmetric body of mass M, will be deflected toward the body through an
angle which, for small deflections, is given by
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where G is the gravitational constant and c is the speed of light. We, therefore, require of our
simulator that it deflects transmitted light through an angle
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where R is a constant. £_FHHREHANFEEL -
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The lens, illustrated in cross section in Fig. 1, is designed to be hand held within the range
between roughly one foot and arm’s length from the observer. The object for viewing is assumed
to be at a distance much larger than one meter on the left hand side of the lens. This implies that
one can assume the incident light ray to be normal to the plane front surface of the lens and
refraction is thus assumed to take place entirely at the back surface. The angle of incidence of the
light ray at the back surface is designated by &, the angle of refraction by 8°, and the angle of
deflection by &, which are all assumed to be small angles. The refractive index of the lens is n.
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(a) Derive the expression dx/dr for the slope of the back refracting surface of the lens in terms of
gand n. (4 marks)
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(b) Derive the expression x(r) of the back refracting surface of the lens. Express your answer in
terms of n, R and ry. (3 marks)

HES BEEITH HATRATOX()  BEE N~ RAI &K - (347)

(c) A light ray is incident at impact parameter r equal to 2 cm. If we require the ray to cross the
lens axis at a horizontal distance of 30 cm from the point at which it departs from the lens,
find R. (1 mark)
FE—RARNSE r 7 2em sk o AIRIDKIZOCRAEE T ES S T 7K FEER 30 cm
PAS T TR AL, T R NMEYA{E? (1 77)

(d) Find the effective gravitational mass of the lens. (1 mark)
HEEHRNARG [ RE - (1597)

2. A String and a Mass (19 marks) &R ERYZ (19 47)

In this question, all oscillatory motions are assumed to be small.
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As shown in Fig. 2, a string of mass m and length | with tension 7z has a mass M attached to the
end. The mass M can slide in a vertical direction on a frictionless rod at x = I. The shape of the
string is described by a function y(x, t). The string is fixed at the origin y(0, t) = 0.
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(a) First assume that mass M is held fixed at y = 0. Write down the general solution y(x, t) for the
standing waves on the string. Express your answer in terms of the given parameters and
arbitrary constants. (4 marks)
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(b) Now assume that mass M can slide up and down on a frictionless rod at x = |. What is the
boundary condition on y(x, t) at x = 1? You can assume that the oscillations are small. (1 mark)
WAL E MBEIEE x = AR BT I y(x, OFF x = | AR SR %
22 RA] Bk EG R NE - (157)

(c) Write down an equation for the frequencies of the standing waves on the string when the
mass M is free to slide. You do not need to solve the equation. (2 marks)
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(d) If m << M, find the two lowest normal mode frequencies. (2 marks)
W m << M, FHEARMETPE N ENBEEE (2 57)
(e) For m << M, calculate the ratio of the kinetic energy of the string to that of the mass M at the
lowest normal mode frequency. (2 marks)
WIER m << M I EAEGARMAYIENE S - 5209888 S5E M BYEIRERYELAT - (2 77)
(F) If m>> M, find the two lowest normal mode frequency. (2 marks)
WIS m >> M, $5H EARAHAY i I AR - (2 97)
(g) For m >> M, calculate the ratio of the kinetic energy of the string to that of the mass M at the
lowest normal mode frequency. (2 marks)
WIFE m>>M - SRR RS IENE T X8558 S5 E M AYEIREAILLST < (2 77)
(h) A traveling wave of angular frequency o is generated near the end x = I. It propagates
towards the mass M and is reflected with a phase shift of /2. What is the value of o in terms
of 7, m, M and 1? (4 marks)
TESEAT X = | IANAE R — AN o1 T2 » AT E M 5 RERE - H-DAA2 HIFERS
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3. Maximum Mass of a Star (22 marks) 2B E (2247)

Consider a star of mass M and radius R. Assume that its density is uniform.
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(a) Its gravitational potential energy U can be calculated by considering the work done in
bringing a thin layer of materials and depositing on the surface of a spherical protostar of
radius r when r gradually grows from 0 to R. Calculate U. Express your answer in terms of G,
M and R, where G is the gravitational constant. (4 marks)
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(b) Assume that the star is made up of protons and electrons, both behaving as ideal gases. It is
known that during the formation of the star, half of the loss in gravitational potential energy
is converted to thermal energy, while the other half is radiated away. Derive the temperature
T of the star in terms of G, M, R, m and kg, where m is the average mass of protons and
electrons, and kg is the Boltzmann constant. (2 marks)
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(c) Derive the gas pressure Py of the star in terms of G, M and R. (2 marks)
HES BRI SURETR Py » ZZELLG - MAIREIA - (257)

(d) The virial theorem states that the total pressure in a star is related to the gravitational

potential energy by P = —b%. What is the value of b? (1 mark)

U .
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(e) At high temperature, photons in the star also contribute to the pressure. Derive the radiation

(f)

pressure P, by applying the kinetic theory of gases in a cubic box of volume L3, in which the
momenta of the photons are described by the de Broglie relation. Express your result in terms
of the photon energy density u. (5 marks)
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It is known that the photon energy density is given by u = aT* where a is determined from

P .
fundamental constants. Show that F' oc M. What is the value of ¢? (2 marks)
g

N ALZ P N pa— N PI’ C N S
EXDETHIBE RS u = aT’, Hrh a EAHEE - UEA 5= o M, HK cHIE -
9

(247)

(9) Calculate the ratio % for the Sun. You may use the following parameters: (1 mark)

g

N =<y Pr \ \ Vi
PR 5~ - IRETDASER LA S5 (1 57)
g
a=7565x 10° JK*m=3, G = 6.673 x 10" Nm?kg?, m = 8.368 x 10?® kg, Mgy, = 1.989 x
10 kg, ks = 1.381 x 102 JK .

(h) For stars more massive than the Sun, the radiation pressure becomes increasingly significant

(i)

and the star becomes unstable. This implies that there is an upper limit on the mass of stable
stars. Suppose the radiation pressure becomes equal to 1/3 the gas pressure at this limit.
Calculate the temperature in terms of a, kg, m, M and R. (2 marks)
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Using the virial theorem in part (d), find this upper limit of stellar mass. Express your answer
in units of solar mass. (3 marks)

Rz (d)Ef a4 e, SREARTTER EIR - ZZEIUKPAREYHAL - 3 57)

(THE END 5g)



